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Abstract 



We construct the most general gaugings of the maximal D = Q supergrav- 
ity. The theory is (2,2) supersymmetric, and possesses an on-shell SO(5,5) 
duality symmetry which plays a key role in determining its couplings. The 
field content includes 16 vector fields that carry a chiral spinor representa- 
tion of the duality group. We utilize the embedding tensor method which 
determines the appropriate combinations of these vectors that participate in 
gauging of a suitable subgroup of SO(5,5). The construction also introduces 
the magnetic duals of the 5 two-form potentials and 16 vector fields. 



1 Introduction 



Gaugings of maximal supergravity theories have revealed intriguing insights into the struc- 
ture of supergravity theories as well as into their higher dimensional origin and the possi- 
ble symmetry structures underlying string and M-theory. The coupling of vector fields to 
charges assigned to the elementary fields renders the gauge theories generically non-abelian 
and — more general — in higher dimensions induces a deformation of the hierarchy of 
formerly abelian p-form tensor gauge transformations. The most systematic approach for 
a classification and construction of gauged supergravities resorts to exploiting the duality 
symmetry underlying the ungauged theories. Their possible deformations are described in 
terms of a constant tensor encoding the embedding of the gauge group into the duality 
group G of the ungauged theory [1, 2, 3]. Transforming in a certain representation of 
the duality group, this tensor parametrizes the possible gaugings in a manifestly covari- 
ant way. In particular, consistency of the theory can then be encoded in a number of 
representation constraints on 0. The action of the gauged supergravities can be entirely 
parametrized by the embedding tensor; in particular, the scalar potential that arises upon 
gauging is given by a covariant expression bilinear in dressed with the scalar fields. 

From a higher-dimensional perspective a large part of the gaugings constructed in a given 
dimension finds a natural interpretation as the effective theories arising from compactifi- 
cation on curved manifolds, and/or in the presence of (geometrical and non-geometrical) 
fluxes (see, e.g. [4, 5, 6]). The various geometrical and flux-parameters may be associated 
with the different components of the tensor 0. Vice versa, decomposing under suitable 
subgroups of G allows to identify by merely group-theoretical methods the effective the- 
ories descending from particular compactifications. The covariant formulation of gauged 
supergravities furthermore allows to directly identify the transformation of the various 
flux parameters under the action of the duality group. 

For the set of antisymmetric p-form tensor flelds, the covariant construction of the gaug- 
ings induces a deformation of the hierarchy of formerly abelian gauge transformations. 
In particular, it gives rise to a Stiickelberg-type coupling that shifts the p-forms with 
the gauge parameter of the (p + l)-forms. The tensor required for such a coupling that 
intertwines between ]9-forms and (p+l)-forms is proportional to the embedding tensor 0. 
As a consequence, the gauging non-trivially entangles the tensor gauge transformations of 
forms of different degree. On the level of the Lagrangian, this entanglement has an inter- 
esting consequence: while in the abelian theory all bosonic degrees of freedom are carried 
by the metric and antisymmetric p-forms with p < [D/2] — 1 (recall that in D dimensions 
all higher-rank massless p-iorms may be dualized down into massless (/}— ]?— 2)-forms), the 
generic gauging in its covariant formulation also requires explicit couplings of the [D/2]- 
forms in the action. Consistency requires that these additional forms arise with no kinetic 
but only a topological term (proportional to the gauge coupling constant), such that they 
do not introduce new propagating degrees of freedom. However, as a consequence, gauge- 



1 



fixing part of tlie tensor gauge freedom may sliuffle some degrees of freedom from the 
lower degree forms to the new forms, in particular render some of the latter massive. It is 
the specific form of the embedding tensor together with the choice of gauge fixing which 
encode the proper distribution of the degrees of freedom among the p-forms. This fits 
nicely with the observations in explicit compactification scenarios where turning on fluxes 
may induce massive [D/2]-forms, absent in the ungauged theory. 

In even dimensions D = 2n, there is an additional subtlety related to the fact that 
the duality group G of the ungauged theory is not realized off-shell but only on the 
combination of equations of motion and Bianchi identities of the (n — l)-forms. More 
specifically, only (the "electric") half of the (n — l)-forms shows up in the Lagrangian 
while the other half is defined as their on-shell ("magnetic") duals. Only together they 
form an (irreducible) representation of G. Upon gauging, both electric and magnetic 
(n — l)-forms enter the Lagrangian; again the latter couple only with a topological term 
in order to preserve the balance of degrees of freedom. Contrary to what one might 
expect at first glance, the construction allows even for the gauging of subgroups of G that 
are not off-shell realized in the ungauged theory. In other words, there is a well-defined 
Lagrangian even for such gaugings whose gauge group is not among the global symmetries 
of the ungauged Lagrangian. The existence of these gaugings is intimately related to the 
appearance of magnetic forms in the action. This construction has been worked out in 4 
dimensions [7, 8] where the relevant duality is electric/magnetic duality for vector fields 
and in 2 dimensions [9] where it amounts to the scalar-scalar duality which is at the heart 
of the integrable structure of the ungauged theory. 

In this paper we consider the maximal D = 6 supergravity and its possible gaugings. 
The ungauged maximal supergravity in six dimensions has been constructed in [10] and 
possesses a global £5(5) = SO(5,5) symmetry. Only a GL(5) subgroup is realized off- 
shell with the 5 two-forms Bm transforming in its fundamental representation. Together 
with their magnetic duals B"^ in the 5' they combine into the vector representation 10 
of SO(5,5). Little is known about the gaugings of this theory. Cowdall [11] obtained 
an SO (5) gauge theory from circle reduction of the SO (5) gauged maximal supergravity 
in 7D [12]. Alternatively, this theory describes the S"^ reduction of the IIA theory and 
proves to be relevant in a non-conformal extension of the AdS/CFT correspondence [13]. 
However, as it has only the SL(5) symmetry inherited from 7D manifest, the 6D result 
is in an exceedingly complicated form that does not shed much light onto the maximal 
duality symmetry. Here we fill this gap by providing all possible gaugings by a direct 
construction in 6D. The embedding tensor which covariantly parametrizes the possible 
deformations transforms in the 144c spinorial representation of SO (5, 5). The gauged 
Lagrangian features the full set of 10 two- forms as well as a set of three-forms in the 
16s which are on-shell dual to the vector fields of the theory. We should stress that our 
formalism differs from other approaches introducing p-form fields together with their duals 
in that the relevant first order duality equations here arise as true equations of motion 
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from the Lagrangian. This appears only possible in the gauged theory. 

The plan of this paper is the following. In section 2 we review the building blocks of 
maximal D = 6 supergravity. In particular, we discuss the role of the SO(5,5) dual- 
ity group under which electric and magnetic two-forms undergo an orthogonal rotation 
and their consistent coupling is provided by the formalism of Gaillard and Zumino [14]. 
We review in detail the structure of the scalar fields which parametrize the coset space 
S0(5, 5)/(SO(5) X S0(5)). Finally, we give Tanii's Lagrangian of the ungauged theory. 
In section 3 we turn to the gauging of the theory. Applying the general framework, the 
gauging is parametrized by the embedding tensor © transforming in the 144c oi SO (5, 5). 
We derive the quadratic constraints on this tensor whose solutions correspond to viable 
gaugings of the six-dimensional theory and work out the deformed tensor hierarchy up 
to and including the three-forms. We present the Lagrangian of maximal gauged D = 6 
supergravity which for a general gauging carries the set of 10 electric and magnetic two- 
forms Bm — {Bjn, B"^) of which the latter couple only with a topological term © C dB to 
the set of three-forms Ca in the 16^. Finally, we give a short overview and discussion of 
various types of possible gaugings, i.e. solutions of the quadratic constraint and discuss 
their possible higher-dimensional origin by dimensional reduction from seven and eleven 
dimensions, respectively. Furthermore, we discuss the truncation to = (1, 1) theories. 
Our notations and conventions are given in Appendix A, and some identities, useful in 
deriving the topological Lagrangian and computing its variation, are given in Appendix 
B. 

2 The Ingredients of the Maximal D=6 Supergravity 
2.1 The Field Content 

The N = (2, 2) supersymmetric maximal supergravity in six dimensions has been con- 
structed by Tanii [10]. It is an ungauged theory in which the couplings are governed, 
along with supersymmetry, by the duality symmetry group SO (5, 5) that rotate the field 
equations and Bianchi identities of the five 2-form potentials into each other. Only the 
subgroup GL(5) C S0(5, 5) is a manifest off-shell symmetry of the theory. There is also 
a manifest composite local symmetry S0(5) x S0(5). 

The bosonic fields of the theory are the vielbein ej^, 2-form potentials S^,^„(m = 1, 5), 
vector fields A^{A = 1, 16) and scalars ^^"(q;, d = 1, 4) that parametrize the coset 
S0(5, 5)/(SO(5) X S0(5)). The index A labels the 16 dimensional Majorana-Weyl spinor 
of SO(5,5), and the indices a, a label the spinors of S0(5) x S0(5). The spinor fields 
are the gravitini ip+^a, 'ip-fj.a and x+aa, X-da, where a, d = 1, 5 are the S0(5) x S0(5) 
vector indices, and ± refers to the spacetime chirality of the spinors which are symplectic- 
Majorana-Weyl. (See Appendix A for further notations and conventions). In summary. 
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the full supergravity multiplet consists of the fields: 

( ^/i' ^iJivm-i -^^1 ' 1 '4^+lJ.ai '0— //a) X+acti X~aa ) ■ (2--'-) 

As we gauge this theory in the most general possible way, we will introduce the following 
duals of the vector fields and the 2-form potentials: 

( -B/ii/'", C^z/pA ) ■ (2.2) 

Note that the vectors are in 16c and the 3-form potentials in 16^ of the duality group 
S0(5, 5). Electric and magnetic two-forms B„i and B"^ transform in the 5 and 5' of GL(5), 
respectively, and combine into the 10 of SO (5, 5). 

From Ell, it has been predicted that one can extend the field content of D = 6 maximal 
gauged supergravity by the introduction of further 4, 5 and 6-forms [15, 16]: 

f ^(4) ^(5) ^(6) ^(6) \ o\ 

y'-^MN^ ^MA-> ^MN,P 1 '^MNPQR+ J ; l^-'-'J 

where Cmn is antisymmetric, Cma is 7-traceless, Cmn,p is mixed symmetric, Cmnpqr+ 
is self-dual, and thus in 45, 144s, 320 + 10 and 126s dimensional representations of 
SO(5,5), respectively. The 4-form potentials have constraints on their curvatures such 
that on-shell they describe 25 independent degrees of freedom corresponding to the Hodge 
duals of the scalar fields in the coset S0(5, 5)/SO(5) x S0(5). We will see that the 5- 
forms arc in the same representation as the embedding tensor and that the quadratic 
constraints of the embedding tensor precisely transform in the representations dual to 
the 6-forms given in (2.3) [17, 18, 19]. These 5-forms and 6-forms can easily be included 
in the D — Q Lagrangian, where the constant embedding tensor has been replaced by a 
scalar field, as Lagrange multipliers giving rise to the constancy of the embedding tensor 
and the quadratic constraints, respectively [17, 18, 19]. We will not explicitly perform 
this construction in this paper. Recently, D = 5 maximal gauged supergravity has been 
constructed using the embedding tensor approach and its relation with an i^u-cxtcnded 
spacetime has been investigated [20]. It would be interesting to further study the proposed 
relationship for the six-dimensional case studied in this paper. 



2.2 Duality Symmetry 

To appreciate the duality symmetries in Tanii's Lagrangian and also to set om notation, 
we begin by reviewing the part of the Lagrangian involving the 2-form potential. Let us 
define the field strengths 

~ fir 

Hj^^=dB^, G^) = -3!e-^^. (2.4) 
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The Hodge-dual of a 3-form oj is defined as oj^j^^p = ^^^^.upaKX uj'"^^. The field equations 
dG^^ = and the Bianchi identities dHm = form a system invariant under linear 
transformations, which are restricted to S0(5, 5) by the requirement that the equation 
for is covariant under these transformations. Infinitesimally, these transformations 
act as 



o-(o) \ / o-(o) \ / ^ 
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Gaillard and Zumino have shown that the appropriate Lagrangian that achieves the du- 
ality symmetry is given by [14]-'^ 

C = -^e//(?)G^) - [i/W^- + G^'^^^Rm] + An. , (2.6) 

where {Rm,S'^), which is a pair that transforms under SO(5,5) as in (2.5), and Cinv, 

?^)),andiG^) 



which is duahty invariant, are built out of fields other than {Hm , G7^.), and jG7^^ is given 



jGZ. = 5"^ + - jRn) . (2.7) 



by 

AT 

The operation j acting on a given 3-form cu is defined by 

ju^u , f = +1 , u^^p = ^eefj^^pa^xi^""^ , (2.8) 
and the matrix X"*" to be built out of the scalar fields must be of the form 

j^mn ^ xrnnp^ ^ K^^^'P^ , {K+f = X- , P± = -(1 ± j) , (2.9) 

or equivalently 

j^mn ^ j^mn ^ j j^nin ^ j^T = , = -K2 . (2.10) 

Under the infinitesimal SO (5, 5) duality transformations, 
K must transforms as 

6K = -Kx + tK + zj - KyKj , (2.12) 

as required by the covariance of the second equation in (2.4). For the 5x5 matrices K± 
this gives 

6K+ = -K+x + tK+ + z- K+yK+ , 

SK^ = -K_x + tK^-z + K_yK_ . (2.13) 
Substituting (2.7) into the Lagrangian (2.6) gives 

^''^ = -J2 W -JRm) K^"" {H^^^-3Rn)-\ {Hj^^ -jRm)-S^-j^jRm-S"'+e-'C,r., . 

(2.14) 



^For a very nice review, see [21]. 
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2.3 Gauge Symmetry 



So far the construction is rather general, and as far as duahty symmetry is concerned the 
result above provides the answer. In the particular model we wish to study, however, we 
need to consider the gauge symmetries and supersymmetry as well. To this end, we need 
to introduce the Chern-Simons modified 3-form field strengths, and their duality invariant 
Pauli couphngs to fermionic bilinears. To achieve this, the pair {Rm, S"^) is chosen as 

jR^^-co^ + Om, jS-^^-u^ + O^, (2.15) 
where the Chern-Simons forms are given by 



uJm = ^FA^^A, u^'^j^FA^'^A, (2.16) 

and we have used the 16 x 16 chirally projected SO(5,5) Dirac matrices 7m = (7m, 7^"), 
and {Ojn, O"^) are bilinears in fermions, to be determined by supersymmetry, multiplied 
by suitable functions of the scalar fields so that they transform as {Rm, S'^) under S0(5, 5) 
transformations. Thus, the Lagrangian takes the form 

+ ^ {Ujm ■ jO^ + ■ jOm) + e-^dnv , (2.17) 

where 

H^ = Hj^^+ujm. (2.18) 

Given the gauge transformations 

SBm^-^F^m^, 5A^dX, (2.19) 
we see that all but the loO terms are invariant, since 

F A 7mF a F7^A = , (2.20) 
which holds, thanks to the well known identity 

lMiABlC)D = 0. (2.21) 

As to the uO terms, while they arc not gauge invariant, they are nonetheless duality 
invariant. Therefore, we can discard them by choosing to contain these terms with 
opposite sign. Then, we are left with 

+lH^ . {K^-Or, - jO^) - ^^Om ■ {K^^'O^ - jO^) + e-'C^^^ . (2.22) 
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The Lagrangian is then determined completely by specifying K'^"', the pair of 3-forms 
{Om, O"') and C^^^. Defining a following dual field strength, in analogy with (2.18), 

G"* = + u}"^ , (2.23) 

it follows from (2.7) that 

QTU ^ jK'^njj^ ^ q2 ^2.24) 

In the supergravity model we shall study, represents quartic fermion terms. Working 
up to quartic fermion terms in the action, which we shall do in the rest of the paper, it 
is convenient to define field strengths Gm that transform as 10-plet of the duality group 
SO(5,5) as 

^ ( ) = ( jK^^H^ ) ^^-^^^ 
Using this definition, the Lagrangian (2.22) can be written as 

+ljGM ■ + e-i£L , (2.26) 

where = {0"\ Om) and we have dropped terms that are quartic in fermions. With 
O representing fermionic bilinears, the jG • O term describes already duality invariant 
Pauli couplings. 

Next, we discuss the matrix X"*" which is to be expressed in terms of the scalar fields, 
following [10]. Here we shall choose a convenient basis for the scalar fields to make the 
GL(5) G SO (5, 5) symmetry manifest at the Lagrangian level. To this end, we introduce 
the 10 X 10 matrix 

A / V^" V„« \ f A B 



Vm- - y^Za yZa j = D ) ^^-^^^ 

where a, d are the vector indices of S0(5) x S0(5). Tanii has expressed his results in 
a basis in which Hm^ ± transform into each other under S0(5, 5) as components of 
10- vector, and used a matrix U that obeys the relation 

U^-qdiagU = fldiag , Vdiag = diag (1, -1) , (2.28) 

and therefore it is an S0(5, 5) representation. However, in this basis, the GL(5) symmetry 
is not manifest. This can be remedied by working in a basis in which ( Hm\ G^^-^ ) trans- 
form as a vector under SO(5,5). To achieve this, we work with the matrix V of (2.27) 
which is related to the group element U as 

V = MU, M = -L(; ^ (2.29) 
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Since M^rjdiagM = rj with rj defined as in (2.5), the matrix V satisfies the relation 

V^77V = Vdiag , (2.30) 
where rj is as given in (2.5), and ridiag exphcitly by 

^-K'o' 4) 

Prom (2.30), it also follows that 

Vm — , V Vm — —0 1 y Vm 1 
Vm"^^" - Vm"V^" = 5^ . (2.32) 

It is important to note that in our conventions, the explicitly written (a, a) indices are 
always raised and lowered with -\-5ah and +5^^, starting from the basic object (2.27). This 
explains the occurrence of minus signs in the formulae above where the form of r] AB has 
been used. 

Our choice of the scalar matrix V makes both the GL(5) acting from the left, and S0(5) x 
S0(5) acting from the right manifest in the formalism. Note that, given V, the group 
h = S0(5)/ X S0(5)// acts from the right diagonally in the form h = diag {hi, hu). The 
condition (2.30) translates into 

A^C + C'^A = 1 , B'^D + D'^B = -1 , A^D + C'^B = . (2.33) 

With this parametrization, the matrix /f"*" can be chosen as^ 

K = CA-^P+ - DB-^P_ . (2.34) 

Using (2.33), one finds that {CA~^Y — —DB~^. It can be easily checked that this K 
indeed transforms under S0(5, 5) as in (2.12). Written in terms of V, we have 

^mn ^ V'"°(Vn")"^P+ - V"'"(V„'^)-^P_ , (2.35) 

which gives the useful relations 

^mny^a _ p^yma ^ R'^'^Vn^ = -P_ymd ^ ^2.36) 

with K± defined in (2.9). 

^We are grateful to Yoshiaki Tanii for helpful discussions regarding this point. 
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2.4 Supersymmetry 

The choice for Om is dictated by supersymmetry. Tanii has found that the following 
choices are appropriate [10] 

= ^ (Vm^P-C" + Vm'P+O') , (2.37) 

with the exact form of the fermionic bilinears {Oa, Oa) determined by supersymmetry 
(sec next section). Moreover, the description of the supersymmetric transformation rules 
requires the quantities H"^ and H"^ defined by 

H^^V2 {Vm^'P+H^ - VjP-H^) . (2.38) 

Recalling (2.36) and (2.32), we find that^ 

P+H, = ^ P+GmV^ , P^H, = P-GMVf . (2.39) 

Employing the relations (2.35) and (2.32) also shows that 

P+GmV^ = , P-GmV^ = . (2.40) 

Using the quantities defined so far, the Lagrangian (2.26) can be written as 

e-^£ = -^H^- K"'''Hn + \{P+H'' -O" + P.H^ -O^) 

+ i ■ ju^ - >^ • juj^ + e-^C. ■ (2-41) 

In showing the cancelations of the terms proportional to ip^H"^ terms coming from the 
variation of the metric in the i?-kinetic terms, it is useful to note that 

5CUH) = -\eKr {h;^ ■ + H;^ ■ H'^) 5g^^ , (2.42) 

where = P±H, and we have used the identity 

Krn^mH^n + (/^ ^) = b,. K^Hi ■ H- , (2.43) 

where we have used i^{""V^V^ = which follows from (2.10), (2.33) and (2.34). We 
are also using the notation ■ = H^p^H^P"", and H+ ■ H' = H+^pH~^"'P. Finally, 
upon using (2.38) and (2.32) one finds that 

SC^,^{H) = -\e [h;^ ■ Ht" + H;' ■ H-') bg^^ . (2.44) 

These terms are then canceled by terms arising from the variation of the Pauli couplings 
in (2.41). 

^The indices (a, a) on H, O and V are raised and lowered by 6ab and 5^^. 
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2.5 The Scalars 



The 25 scalar field of the theory parametrize the coset S0(5, 5)/(SO(5) x S0(5)) which 
can conveniently be parametrized in terms of an S0(5, 5) valued 16 x 16 matrix Va"^, 
with its inverse defined by 

^a"^ = 5^ , Va'^^ = 5f . (2.45) 

The 10 X 10 scalar matrix V defined in (2.27) can be expressed in terms of the above 
16 X 16 matrices ^ as ^ (see Appendix A for notations and conventions). 

Vm" = j^V^Ml^'V , Vm" = -jeV^M^V . (2.46) 

These relations follow from the fact that the SO (5, 5) 7-matrices (obeying Clifford algebra 
with non-diagonal timn) are left invariant by SO (5, 5) transformations realized in terms 
of V and V. Noting that (see Appendix A) 

Vm-Va - y^a^a _ v^.^a q ) , (2-47) 

the invariance of the S0(5, 5) 7-matrices translates into the relations 

^Aad(7M)^^< = VM"(7")a^5f + VM'^(7'^)/5f , 

V^i{jM)ABV^^^ = Vm" (7")/<^f - VM"(7')/<^f , (2.48) 

from which (2.46) follows. 

The scalar currents are defined as [10] 

V\^. d,VA^^ = ig? irX^si + \Qf 5f (7"%^ + iPf (7")a^(7")/ ■ (2.49) 
It follows that 

Pf = W^'^'^.V ' Qf = lVr%V , Qf = lVr%V , (2.50) 

and 

D,V=lP^'rrV . (2.51) 
Moreover, we have the standard integrability conditions 

D[^P^f = , d[,Q:\ + Qi^'^Vuf + \P^^P.t' = , (2.52) 

^Working with V related to S0(5, 5) matrices U through V = MU imphes that the S0(5, 5) 7 matrices 
obey the Chfford algebra with off diagonal r?MJV. 
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and a similar equation for the curl of Q^^. The covariant derivatives in the above expres- 
sions contain the composite connections. Other useful identities are: 

D^Vm'' = i Vm" , ^^Vm" = I Vm" . (2.53) 

It is also useful to introduce the matrix 

Mab = Va'-^Vj,^^ , (2.54) 

which will be used in the construction of kinetic term for the vector fields. 

2.6 The Lagrangian 

Using the building blocks describe above, Tanii's Lagrangian [10], can be written in our 
notation and conventions (see Appendix A) as follows: 

C^Cb + Cf, (2.55) 

where 

b-'Cb = \R- ^,H^ - K-^-H^-\MabF^^F^'''' - ^,P;'P^, 

^H^-ju^-^Um-juj'^ , (2.56) 

and, up to quartic fermions,^ 

+1^7 ^aa - \F^. JT + \ {P+H^ ■ + P-H' ■ O^) . (2.57) 
The fermionic bilinears occurring in (2.57) have been determined by Tanii as follows 

-lrYl^uVAl% + |x"7/..7"1^A7'x" , 
O;., = 3V^[^7.7>p] - 3^[;.7.p]X'^ - iX Vp7V • (2-58) 
and is obtained from by interchanging dotted and undotted indices. 



^We have corrected the coefficient of the P^I^ term in [10]. 
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The Lagrangian (2.55) is invariant under the following supersymmetry transformations: 

M;^ = -el^^V'^ + ^^l^^e+ie7^7"V^V + |x'^V7/.e, 
AP^,^ = ^V^(V5[^7.]7"e + |r7M.e) -v^V;j,(^[^7.]7'e + |x'r^.^ 

5Va = I (7a ^"^70) (Xa7de + Xd7ae) , (2.59) 
where AB^i, is the gauge covariant variation defined in Appendix B, 

D^e = d^e + \Lu;-'^rse + iQ^^^'w , (2.60) 

and " ~ " denotes transposition. The chirahties are shown exphcitly only when there is 
an ambiguity. Otherwise, when suppressed, they can easily be deduced from the structure 
of the terms (see Appendix A for notation and conventions) . 

3 Gauging Go C S0(5, 5) 

Using the embedding tensor formahsm [1, 2, 3], we will find the most general gauging of 
a group Go C SO (5, 5) by employing a suitable combination of the 16 vector fields in the 
theory. 

3.1 The Embedding Tensor 

The key ingredient in the construction is the covariant derivative 

D, = d,-gA,^QA^''tMN , (3.1) 

with SO(5,5) generators Imn = t\MN] and an embedding tensor O^*^^. It follows from 
supersymmetry [2] that the latter can be parametrized in terms of a tensor trans- 
forming in the 144c representation, i.e. satisfying 

IMAB = , (3.2) 
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as follows: 

Q^MN ^ _oB[M^N]^^ ^ il^^'e'^^)^ . (3.3) 

In this paper, we show that indeed every embedding tensor in the 144^ (which also satisfies 
the quadratic constraints (3.7) below) defines a consistent gauging, and present the full 
Lagrangian. 

The SO(5,5) algebra is realized by generators tMN,K^ — ^Vk[mS^] in the vector repre- 
sentation and tMN,A^ — {imn)a^ on the spinor representation, respectively, satisfying 

[tKLitMN] = ^{'nK[MtN]L — 'UL[MtN]K) ■ (3.4) 

Therefore, the gauge algebra generators Xa — OA^^tMN take the form 

Xab"" = (7''^^)A(7Miv)B^ , X^,m^ = 2(7mOa + 2(7^M^, (3-5) 

acting on spinors and vectors, respectively. The quadratic constraints on the embedding 
tensor state that 

[Xa,Xb] = -Xab'^Xc. (3.6) 

Some computation shows that this reduces to imposing 

e^^'e^^'rjMN = 0, ^^^^^[^(7^1)as = 0, (3.7) 

on the tensor O"^^ . This means that the quadratic constraints transform in the 10 + 
126c + 320 of S0{5, 5) — and thus in the representation conjugate to the 6-forms of the 
theory (2.3). They ensure, for example, that 

e^^XAB^ - 0. (3.8) 

The generators Xab^ satisfy 

X^Asf - -0''''{l'')DiA{lMN)Bf = -(7m)aB^^*' = ^M,AB ^^'"^ , (3.9) 

where we have introduced the general notation 

dM,AB = {im)ab , Z^'^ = -^^^ . (3.10) 

As we have discussed in the introduction, gauging the theory in general not only corre- 
sponds to covariantizing the derivatives according to (3.1) but also induces a nontrivial 
deformation of the hierarchy of p-form tensor gauge transformations. In particular, p- 
forms start to transform by (Stuckelberg)-shift under the gauge transformations of the 
(]>fl)-forms. The corresponding tensors required to intertwine between the representations 
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of p- and (p + l)-forms are generated by the embedding tensor. The lowest intertwining 
tensors can be obtained by evaluating the general formulas of [3] for our case, yielding 

^C,M _ _qCM 

= -2^^^r^Mi.(7^)As, (3.11) 

for the tensors intertwining between vectors/2- forms and 2-/3- forms, respectively. In 
particular, the latter tensor encodes the representation content of 3-forms, required for 
consistency of the deformed tensor gauge algebra. As the 3-forms (with the generic index 
structure C^ypN^^) will always appear under projection Ym,a^ C^^pN^, the particular form 
of (3.11) shows that out of this general set only the 16 projected 3-forms {'y^)AB C^^pN^ = 
C^upB enter the theory. This is in accordance with the field content discussed in the 
introduction, in particular with the fact that as a consequence of their on-shell duality, 
3-forms should transform in the representation conjugate to the vector fields. With (3.11), 
the p-form tensor gauge algebra in six dimensions can now be written down by evaluating 
the general formulas of [3] (see in particular [22], Appendix A). 

General p-form variations are most conveniently expressed in terms of the "covariant 
variations" ^ 

AA^ = 5A/, (3.12) 
AB^^M = 5Bn„M — \/2 {;^m)ab Ay/^ 5A^-^^ , 

AC^j^^pA = SC^iyp A - ^V2 {^'^)ab Bint, M SAp]^ -2{'y'^) AB{'yM)cDAiij,^Ai,'^ SAp]^ . 
The full non-abelian gauge transformations are then given by^ 

AB^,M = 2D[^E,]M-V2(^M)ABJ^^n^. + V2ge^''r]MN^^^.A, 

AC^^pA = 3D[^$,p]^ + 3V2(7^)^B^£.S^]M + \/2(7^)ABA^7i^,pM, (3.13) 

^Notc that B and S have been rescaled by a factor of \/2, and ^ by a minus sign, w.r.t. the formulae 
provided in [22]. 

^As usual in even dimensions there is a subtlety with the gauge transformation law of the D/2- 
forms [7, 9] requiring that eventually in the ofT-shcU formulation of gauge transformations, H^i^pM in the 
last line of (3.13) is replaced by QnvpM from (3.41), below. 
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with gauge parameters A"^, S^m, ^^uA, and the covariant field strengths 

'H^upM = 3 D[ij,Bi,p] M + 3"\/2 (7m) ^[//"^ (d^Ap]^ + ^gX[CD]^A^^Ap]^^ 

Ti-p.upXA = 4:D[i^C^px]A- {'y^)AB(^(iV2B^„M'Hfx + Q9d^^B[i^i^MBpx\N 

+8(7M)cD^g^^ap^g + 2{'yM)cFXDE''A^^''A,^Ap''Axf) . (3.14) 
Under arbitrary variations these field strengths transform as 
6Hi, = 2D[^{AA,^^)-V2ge^''AB,,M, 

SHfxupM — 3L>[^(Ai?,,p]M) + 3\/2 (7m)ab 

Sn^upXA = 4D^^AC,px]A-^il'')AB{j^nf^ABpX]M-V2nii,.pMAAx]''^ .(3.15) 

One of the consequences of the gauge covariantization a la (3.1) is the modification of the 
scalar currents as 

paa ^ paa ^ ly^a^aj^^y ^ Qob ^ Qf ^ ly^'V^V , (3.16) 

and similarly for Qp,"'^, with the gauge covariant derivative given by 

VpV ^DpV-g {Ap-f^'e'') ^mnV . (3.17) 
This leads to the following modified integrabihty equations: 

VypV:^ + AgT'^^:TZ = Q, 

Qt + IK^^^""' + ^^-^^t T^l = , 

Qt + l^l?^^]"' + ^Q^F;: m = 0, (3.18) 
where Q^^ = 29[^Q^f + 2Q[/'^Q,]c^ and 

^niy^ = 2 d^pAy^"^ + X[Bc\^ Ap^Aj-' 

= 2 9[^A,]^ + ^(7Miv^[^)^^"^7^^.] , (3.19) 
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and 

= M (KdTM^iv) {vr'l''''v) . (3.20) 

These expressions can be simplified and their group theoretical meaning can be made 
more transparent by making use of (2.48) and recaUing that 7m^^ = 0. As a result, we 
find 

rpab _ ^[arpb] ^ rpab _ _rpla^b] ^ rpaa _ _l^(^^arpa _|_ j^a^d^ ^ 

where we have defined the T-tensors, 

= Vm" O^^Va , T" = -Vm" O'^^^Va ■ (3.22) 

Thus, = {T", T^) is in one-to-one correspondence with the embedding tensor 9^ . For 
later purposes, it is convenient to also define 

T = -f^'T'' = -r«7« . (3.23) 

The quadratic constraints (3.7) translate into 

T^T;^ - ncj;^ = , T^"^ 7^^,^^ T^^'' = , (3.24) 

where 7— = (7" x 1, 1 x 7''). Restricting to SO (5)/ x SO (5)// directions, several identities 
result from the latter equation. For example, restriction to the S0(5)/ direction, upon 
the use of (A. 5), gives 

rj^i^afb) _ itr(T'^f*) = i7ctr(r''fV) . (3.25) 

Wc recall that " ~ " denotes transposition. The nontrivial content of this equation is the 
antisymmetric part in its free 50(5) indices, namely, 

tr(r'=7[°r''l) = , (3.26) 

while the symmetric projection, contains no new information, in view of (A. 6). A use- 
ful identity needed in establishing the supersymmetry of the Lagrangian is obtained by 
evaluating the antisymmetric part of 7"TT". Using the trace of the constraint equation 
(3.25), and recalling (A. 6), we obtain 

7"Tf " + r"f 7" = AT^f" - tr - 2Tf + tr TT . (3.27) 
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Next, we observe that the constraint (3.24) enables us to covariantize the identities (3.18) 

P[^Kf - tr T'^Va = , (3.28) 

Qt + \P[^Pu]c!' - ^qKu tr T'^'Va = . (3.29) 

Further useful relations are furnished by the derivatives of the T-tensors, which take the 
form 

V^T = i P^"^ (-7"T'^ + T V - h''^^") • (3-30) 
The quantities V and Q can conveniently be written as 

pad _ + 8gA^ trT^'^VA , (3.31) 

Qf = Qf + AgA^trT'^'VA, (3.32) 
and similarly for Q^^j,. Finally, the modified Bianchi identities are 

^[m^H ^ g^^'^^T^nupM , (3.33) 

T^[lMypa]M = ^^^[iiulMT~(-pa] — g dtlT^tiupaA ■ (3.34) 

3.2 The Gauged MeLximal D=6 Supergravity 

The building blocks we have just described can now be used to gauge the maximal D=6 
supergravity. Thus, we introduce the magnetic potentials i?^ and the 3-form potentials 
CpupA accordingly, and in the ungauged Lagrangian we make the replacements 

TT nj T-f^ 7-/^ r>CM 'pod /q QkN 

J^Hupm ^ li-ixvprn i ^ pu ''■pi/ i ^p fJt ' \O.OOj 

as well as gauge covariantize the derivatives by the prescription 

Dp^V,, Qf^Qf, Qf^Of, (3.36) 

in the supersymmetry transformation rule, and the Lagrangian with the exception of the 
topological terms. They are modified by the requirement of all the gauge symmetries 
described in the previous section. This turns out to be highly constraining nontrivial 
requirement which remarkably fixes the topological terms entirely, as will be described 
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in detail in the next section. These modifications will introduce new, gauge coupling 
constant gf-dependent supersymmetry variations due to the explicitly g^-dependent terms 
in (3.28), (3.31), (3.32) and (3.34). To cancel them, as usual, we parametrize the most 
general fermionic mass terms that are linear in the T-tensors, and a potential that is 
quadratic in the T-tensors, and introduce linear in the T-tensor terms in the supersym- 
metry variations of the fermions. As for the supersymmetry transformations of the newly 
introduced higher rank p-forms, that of is straightforward by simply requiring that 
together with Bf^^jn they form a 10-plet of S0(5, 5). Regarding the 3-form potential C^i^pA 
we simply parameterize its supersymmetry transformation rules in a fashion dictated by 
gauge symmetries and dimensional analysis. Requiring that all the (yf-dependent variations 
cancel, we determine all the coefficients used in parameterizing the Lagrangian and super- 
symmetry transformation rules. The subtle features that arise in these computations are 
to a large extent parallel to those encountered in the construction of the gauged maximal 
supergravitics in D=4 [8]. We will spell out some more details of the salient features in 
this computation but first, let us present our results. 

We have found that the Lagrangian C — Lb + up to quartic fermion terms, is given 

by 

e Lb = 4-"- ~ • -f^ iT-n- iMABrt^j.ri'^ 

-JeK^aa + 9' (tr T'^T" - i tr Tt) + e'^Aop , (3.37) 
where >Ctop is the topological part of the Lagrangian given in the next section, and 

+gx^ (27"r" - 2T"7" + | -f'^T-f^) x" , (3.38) 
where the fermionic bilinears are as given in (2.58). 
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The supersymmetry transformations are 

<^X' = i^^f ^"T'^e + ^n^^Y^'e + Ini^VAYY" e + 2g T'e + \g TYe , 

= lV;'YYe + ^^K^.Y^'e + I'H^VaYY'' e + 2g f^e - \g f^'^e , 

AB^^M = V2 (V5[M7.]7"e + |x"7/..e) - {i^ii^^Ye + \tl>.ve) , 

AC^^pA = 3 {eVAlit^u^p] - ^[^,lup]VAe) + | (e7"K47Mi'pX" + X^KiT^T^^pe) , 

<^^A = i (7"K47') (X"7'e + x'7'^e) . (3.39) 

We emphasize again that the ± chirahties have been shown exphcitly only when necessary, 
and when suppressed they can be deduced from the structure of the terms. We also note 
that TC^upa and Tifiupd are defined by 

Hm^y/^ (V„"P+7i« - VjP-n'') , (3.40) 

where we have suppressed the tensorial indices. This is analogous to the relation (2.38) 
in the ungauged model. Similarly, we can define the analog of the field strength (2.25) as 

As in (2.39), it follows that 



P^Ha = ^ P+^MVf , P.n, = P-GmV^ . (3.42) 

Thus, the supersymmetry transformations, as well as the Pauli couplings involving Q, 
are manifestly duality-covariant. The supersymmetry algebra is expected to close on- 
shell with field dependent composition symmetry parameters, as usual. Normally, the 
fermionic field equations are needed for the closure, but here, the closure on the three- 
form potential requires its field equation as well. In the next section, we will show that 
this field equation takes the simple form O^'^ (Qm — "Hm) = 0. 

Wc conclude this section by expressing the potential explicitly in terms of the embedding 
tensor and the cosct representatives, and observe that it takes the remarkably simple form 

V{(P) = i ^^^^^^V^V^ {VaYYVb) . (3.43) 
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3.3 The Topological Term 

In establishing the gauge and supersymmetry of the action a highly complicated topolog- 
ical term is needed. The full topological term is given by 



r — }_p-\MvpaK\ 
*-'top — ~ t; c 
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+18 {dMl'^A^dyBp,^ + OmlMA^dyBpr) B^x^ + 18A^7^^^A,7-^^S,,M5KAiv 
18^7^^^ {Ay^^'e'^ - 2^7-^^) Bp,mB,,n - 9V2d^A,j^dpA,B,xm 
-18V2 {e^'^mA^ - 0ml'' A^) d^Ap^^A, B^xM - sV2A,^^X,pd,B,xm 

+6V2 e^^NA, dpA^^'^Ax B^,M - ^ A^^'^Xp, ^.7iv^'^ ^«am 

-6x/2 A^7™X,, {A,^^9m - A,-fme^') B^XM + 9A^imduApA,^"'d,Ax 

+ ^A^^mX,p A^^^d.Ax - ^A^TXyp (^^7^5,Aa - -^A^imX^^ ] , (3.44) 

where the gauge coupling constant g is suppressed and 

X^/ = l[^7^^^(i.i7Miv)^ . (3.45) 

The topological Lagrangian Li^p is completely fixed by requiring gauge invariance of >Ctop+ 
£kin- In fact, the topological term can already completely be determined just starting from 
its leading term C^^pA d^B^x^ and completing the term by requiring invariance under 
tensor gauge transformations 5$i2top = = fe-Ctop- Subsequently, one can show that its 
general variation takes the fully covariant form (3.48) below, which is a strong consistency 
check. Useful identities needed for these computations are provided in Appendix B. 

Note that the mass term for the three forms 9^ 9^"^ is automatically antisymmetric due to 
the quadratic constraint. Moreover, no such term would exist with full SO (5, 5) covariance, 
i.e. it is essential here that the Lagrangian exhibits only GL(5) covariance. Also the 
cubic B^ coupling 9^'~f^9^ is automatically symmetric in (MNP) due to the quadratic 
constraint (3.7). Finally, note that also the A^ term could not exist in an S0(5, 5) covariant 
Lagrangian: there is no S0(5, 5) singlet in the tensor product of Q'^A^. Again it is essential 
that S0(5, 5) is broken to GL(5). 

In the ungauged theory (^^^ = 0) the topological term (3.44) is simply 

C = \A^"'dA A {dBm + \A^mdA) , (3.46) 
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and contained in (2.56). For electric gaugings (6*^ = 0) the topological term reduces to: 



*-'top — „ „ c t 
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-18V20^^mA^d,A,^^A,B,^r, - 3V2A^^"'X,,d,B,^m 
+6^2 9^ j^A^ (^A^j^'dpA, - ^A^j'^Xp,^ B^xm 

+6v^A^7'"X,,i,7^^"5,An + 9A^'ymduApA,'y"'d,Ax 
+^A^jMX,pA^j''d,Ax - 6A,^^X,, (^A^jrnd.Ax - ^A^in^X^,^ J3.47) 

and one sees explicitly that in this case neither 3-forms C^ypA nor magnetic two- forms 
B^t/^ enter this Lagrangian. For the B^ term we have used here that O^^pO'^ = for 
electric gaugings as a consequence of the quadratic constraint. 

We find that the complete variation of the topological term is given by 

e-^5Aop = -^e-^'^^'"^'^^H^,7''^pa(Ai^.AM) (3.48) 

-IjUm ■ D{AB"^) -^gjU^ ■ (^^AC) - ^^jUm ■ (n^^AA) , 

and thus expressible in a very compact form in terms of the covariant variations A defined 
above. In the ungauged theory, only the first and the last term of this variation are present, 
while the second term becomes a total derivative. Note that the variation (3.48) is only 
GL(5) invariant. This forbids for example in the gauged theory to integrate by parts 
the second term, as the sum over m is not the full S0(5, 5) covariant one whereas the 
derivative is covariant with respect to a gauge group that might not be contained in 
GL(5). Only together with the variation of the kinetic term 

e-^SUin{A,B) = -n'"'^MAB[Dp{AA,'')-j^ge''''AB^,M) (3.49) 

- iHm ■ i^"'" (3L'(AS„) + 3^2 7i:7„ A A - V2g9n Ac) , 
the two non-covariant terms join and the combined variation takes the form 

e-\6U,^{A, B) + Aop) = -H^^'^'Mab (v^{AA,'') - ^ ^^^^ AB^^m) 

e'''^''""'^M-7''^pa (AS«am) 
-IjGm ■ VAB^ - j^jGu ■ ifh'' AA) 

^J(^M - Qm) ■ (e'^AC) . (3.50) 
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Since there is no kinetic term for the 3- form potential Ca, its bosonic field equation is 
given by 

g9^{n"'-jK"^^nn)^0, (3.51) 

where we have used (3.41). As for the bosonic field equation of the "magnetic" 2-form 
potentials, it takes the form 

gOi {n^upaA + lee^.pa.xMABH'''''') = , (3.52) 

where we have used the Bianchi identity (3.34). This equation, as expected, furnishes the 
duality relation between the three-form potentials and the vector fields. 

The variation formula (3.50) is also very useful in finding the gauge coupling constant 
dependent terms in the action and supersymmetry transformation rules that are needed 
for establishing supersymmetry. The supersymmetry variations, with undifferentiated 
supersymmetry parameter, that do not depend on the gauge coupling constant will be 
covariantizations of those which arise in the ungauged Lagrangian. Therefore, they will 
cancel as in the ungauged theory, and in a covariantizcd form. Supersymmetric variations 
with overall explicit coupling constant dependence, on the other hand, cancel as follows: 

(1) The partial integration in the Qm ■ DAB^ term yields gH^upaA via the modified 
Bianchi identity (3.34). This is canceled by a term arising in the variation of the gravitino 
in the Pauli coupling term Q ■ O, followed by partial integration, and use of the Bianchi 
identity (3.34). 

(2) The terms involving gTi"^ coming from the 7i-AB term in (3.50) and the new variations 
of the Pauli term JH, are canceled by the terms coming from the old variations in the 
fermionic mass terms, in gravitino kinetic term and the Noether term P/j,!^, using (3.29) 
and (3.28). 

(3) The terms involving gH-M coming from the T-Cm ■ AC term in (3.50), cancel the terms 
coming from the variation in the Pauli term JTi. using the modified Bianchi identity (3.33). 
In fact, this is a convenient way to determine the supersymmetric variation of Ca- 

(4) The terms involving qQm coming from the Qm ■ AC term in (3.50), the new variations 
of the Pauli coupling term Q ■ O and the old variations of the ^f-dependent fermionic mass 
terms, all cancel. 

(5) Finally, the new variations of the fermionic mass terms and the old variations of the 
potential, all cancel. 

3.4 Classification of Gaugings Under GL(5) 

So far, we have shown that every tensor O^'^^ in the 144^ of S0(5, 5) which satisfies the 
quadratic constraint (3.7) defines a consistent and maximally supersymmetric gauging in 
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six dimensions. It remains to study the possible solutions of (3.7) and to identify the 
resulting theories. As usual, a systematic way to scan the various possibilities is given 
by decomposing 9^^ under a given subgroup of S0(5, 5) and to separately analyze the 
different irreducible parts. In six dimensions, a distinguished subgroup is the maximal 
GL(5) C S0(5, 5) which allows to identify a possible seven- dimensional origin of the 
theories — with SL(5) corresponding to the seven- dimensional duality group — as well 
as a possible origin in eleven dimensions, in which context GL(5) is associated to the 
five-torus on which the reduction is performed. 

Under GL(5), the SO(5,5) representations break as 

10 ^ 5+2 + 5'-2 , 16^ ^ 1"^ + 5'+2 + 10"^ , 16c ^ + 5"^ + 10'+^ , (3.53) 

where we denote the by 5 and the B'^ by 5'. The adjoint breaks as 

45 ^ 1° + 24° + 10+^ + 10'-^ . (3.54) 

The l° + 24° is the GL(5) subgroup, the 10"'"^ generators are realized as shift symmetries on 
the scalar fields. They correspond to the off-diagonal block z in (2.11) and thus correspond 
to off-shell symmetries of the Lagrangian. The complete off-shell symmetry group is thus 
given by GL(5) x 10+^. The 10'~^ generators on the other hand are hidden symmetries 
that correspond to the off-diagonal block y in (2.11) and are realized only on-shell, i.e. 
do not constitute symmetries of the action. Wc expect that there is a dual Lagrangian in 
which the 10+"^ and 10'^"^ generators have exchanged their roles. 

Next, wc turn to the classification of gaugings under GL(5). Under GL(5), the embedding 
tensor 144c decomposes as 

144c ^ 5'+^ + 5+^ + 10-^ + 15"^ + 24-^ + 40'"^ + 45'+^ . (3.55) 

Sphtting 9'^'^ = (6*^™, 9^) this amounts to distinguishing between electric and magnetic 
gaugings: gaugings triggered by 9^"^ only involve the electric two-forms Bm and no three- 
forms. This can be seen explicitly in the tensor gauge transformations (3.13), the covariant 
field strengths (3.14) and the topological term (3.47). On the other hand, gaugings 
triggered by 9^ involve magnetic two-forms B"^ as well as additional three-form tensor 
fields. In terms of representations, these components can contain 

Comparing this to (3.55), we see, that 24"^ -|- 40'"^ and 5+^ -|- 15""-'^ -|- 45'+^ trigger purely 
electric and purely magnetic gaugings, respectively, whereas 5'+^ + 10"^ correspond to 
gaugings involving simultaneously electric and magnetic two-forms. Recall the quadratic 
constraint 

^^^^^^?7Miv = 0, ^^^^^[^(7^1)ab = 0. (3.57) 
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The first equation is automatically satisfied for gaugings that are purely electric or purely 
magnetic. For these we have to impose only the second equation, which is a 320 under 
S0(5, 5) and thus 

320 ^ + 5'-^ + 40+^^ + 40'-^ + 45"^ + 45'+^ + 70+^ + 70'"^ . (3.58) 

This shows that e.g. any 9 in the 24~^ (since its square does not show up in (3.58)) defines 
a consistent (electric) gauging. In fact, this makes sense: these are the Scherk-Schwarz 
gaugings obtained by reduction from seven dimension, the 24~^ corresponds to choosing a 
generator in the seven-dimensional symmetry group SL(5). The 40'^^ on the other hand 
also defines purely electric gaugings, but these 6''s need to satisfy an additional quadratic 
constraint in the 70'"^ of (3.58). These are the theories obtained by torus reduction from 
gaugings in seven dimensions, where indeed (part of) the embedding tensor lives in the 
40' and its quadratic constraint in the 70' [22]. Explicitly, for 9 given by — ^M.^ 

with = 0, the quadratic constraint is 

^mn,r^q,s ^^^^^^ = 0. (3.59) 

Purely magnetic gaugings described by the 5+^ also satisfy automatically the quadratic 
constraint (3.58). They may correspond to reductions from eleven dimensions with non- 
trivial four-form flux. Also for magnetic gaugings described by the 15~^, the square of 
9 does not show up in (3.58), thus these are automatically consistent theories. They 
come from torus reduction of seven-dimensional CSO(p, g.r) gaugings [12, 22], whose 
embedding tensor indeed transforms in the 15. And it makes perfect sense that these 
give magnetic gaugings: in order to gauge CSO(p, g,r) in seven dimensions, a number of 
two-forms have been dualized into three-forms, whose reduction to six dimensions gives 
rise to the magnetic dual two-forms. A more constrained version of magnetic gaugings 
is parametrized by the 45'+^ (explicitly: some traceless ■j?^" = ■»?['""') with a quadratic 
constraint in the 40+^, given by 

C^^F^.i™ = 0. (3.60) 

Note the duality of this constraint to (3.59). As -f?™" has the index structure of a torsion, 
these theories could presumably be obtained by reduction from eleven dimensions on some 
twisted tori. 

The gaugings triggered by 5'"'"^ and lO"-*^ (let us parametrize them by and dmn = ^[mn]-, 
respectively) are neither purely electric nor purely magnetic, i.e. the first equation of (3.57) 
has to be imposed explicitly. However, it follows immediately that they give rise to only 
few constraints. While apparently they cannot be switched on together, alone defines 
a consistent gauging, and '&[mn] comes with the constraint 

^kl^mne^''^''^ = 0, (3.61) 
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which is solved by 'i?[mn] = \m^n], which is a possible candidate to be the most general 
solution. 

Of course, there are many more gaugings possible which correspond to simultaneously 
switching on various GL(5) irreducible components of 9. 

The nature of these gaugings can be illustrated by the following table 



Q^MN 


10'-^ 


1° 


24° 10+^ 




5+^ 


5/+3 


(5' + 45')+3 (10 + 40')-i 


lO'+i 


(5' + 45')+' 


10-1 


(10 + 15 + 40')-i 24-5 


1+5 


10-1 




24-5 



(3.62) 



where the top row represents the SO (5, 5) generators, the left column represents the vector 
fields, and we have depicted their mutual couplings by the various GL(5) components of 
the embedding tensor according to (3.1). In accordance with the discussion above, we see 
that electric gaugings (those triggered by the 24-^ + 40'"i) involve only generators that 
belong to the off-shell symmetry group GL(5) k lO"*"^ of the Lagrangian. Magnetic gaugings 
in the 5+ + 45'+' on the other hand also gauge symmetries that are realized only on-shell, 
very much like what happens in other even dimensions. A notable exception are gaugings 
triggered by the 15-i, these are magnetic in the sense that they require introduction 
of magnetic two-forms and three-form fields, on the other hand they only gauge on-shell 
symmetries inside of GL(5)! This is rather different from the situation in four dimensions, 
where every gauging whose gauge group resides within the off-shell symmetry group of 
the Lagrangian can be realized as a purely electric gauging, i.e. without introduction of 
magnetic forms [7]. Note however that due to the first quadratic constraint in (3.7) there 
is always a frame, which may be reached by an 0(5, 5) rotation from Tanii's Lagrangian, 
in which the gauging takes a purely electric form. However, this may not be the frame 
the most suited in order to identify a particular higher dimensional origin. 



3.5 Classification of Gaugings Under S0(4, 4) and Truncation to 
N = (1, 1) Theories 

It would be interesting to consider truncations of our results to D = 6 half-maximal 
gauged supergravity. The duality group of non-chiral D — 6 half-maximal gauged su- 
pergravity coupled to 4 -|- n vector multiplets is given by i?+ x SO (4, 4 + n). There are 
three different classes of gaugings [17]. The gauging of the W' scaling symmetry leads 
to an embedding tensor in the fundamental representation of the duality group. On the 
other hand, the gauging of a subgroup of the SO (4, 4 -|- n)-factor leads to an embedding 
tensor in the three-index antisymmetric representation. On top of this there is also a 
massive supergravity with an embedding tensor in the fundamental representation. This 
includes the massive supergravity of [23]. Gaugings of this theory coupled to further 
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matter multiplets have been constructed in [24, 25]. The IIA origin of the n = 16 case 
via a K3 compactification was studied in [26]. A massive supergravity is a particular 
deformation of the p-form gauge transformations that does not involve the gauging of a 
duality group. These massive supergravities are also described by the embedding tensor 
approach. The T-duality properties of the D — 6 half-maximal massive supergravities 
have been discussed in [27, 28]. 

Let us see, how these structures can be embedded into our results. The duality group of 
the half-maximal supergravity coupled to 4 vector multiplets embedded in the maximal 
theory is x SO (4, 4) under which the SO (5, 5) representations break according to 

10 ^ 8° + 1+2 + 1-2 , 16e ^ 8+^ + 8;' , 

45 ^ 1° + 28° + 8+2 + 8;2 . (3.63) 

In particular, the embedding tensor breaks according to 

144, ^ 56"^ + 56f + 8;i + 8f + 8f + 8;3 , (3.64) 

and we may analyze the gaugings triggered by the different SO (4, 4) irreducible parts. The 
three different classes discussed above correspond to the gaugings induced by the 8"^, the 
56"^ and the 8+^, respectively. Again, we can infer the structure of these gaugings from 
the table of minimal couplings 



Q^MN 




1° 


28° 


8+^ 




8r + 56+^ 
8f 


8f 


8-' + 56-' 
8+1 + 56+1 


8-1 + 56-1 



(3.65) 



where again the top row and the left column represent the S0(5, 5) generators and the 
vector fields of the maximal theory, respectively, and we have depicted their mutual 

couplings by the various S0(4, 4) components of the embedding tensor according to (3.1). 
The structure of the deformed p-form tensor hierarchy can be illustrated by explicitly 
branching the matrix 9^ 



qAM 


1-2 


go 1+2 


8+1 


8f 


8+1 + 56+1 g-i 


8;^ 


8r 


8-1 + 56-1 8;3 



(3.66) 



which plays the role of the intertwiner between vectors/2- forms and 2-/3-forms, respec- 
tively, cf. (3.14). Truncation to the half-maximal theory coupled to 4 vector multiplets 
corresponds to projecting out the 8^i vector fields and the 8° two-forms, in the bosonic 
sector. Next, we describe the two classes of gaugings of this theory triggered by the 8+^ 
and 8ji. 

Let us first consider the gaugings induced by the 8+^. As its square does not appear in 
the decomposition of the quadratic constraint 10 + 126c + 320, a gauging induced by such 
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an embedding tensor is automatically consistent. According to (3.65), it gauges the 8^ 
shift symmetries, while (3.66) shows that it induces a Stiickelberg type coupling of the form 
^ni'°'+'&°'Bni,. Alternatively, we may consider the gaugings induced by the component 
gaugings induced by the component which we shall denote by ■(9". As the quadratic 
constraint contains a we deduce that i)" should be a null vector = 0). This 

defines another class of viable gaugings. According to (3.65) these in particular gauge the 
R'^ shift symmetry. Note however, that 8+^ and 8~^ cannot be switched on simultaneously, 
but lead to a quadratic constraint of the form — 0. This is in fine with the 

occurrence of corresponding 6-form potentials in the same representations [17, 18, 19]. 

The 4 vector multiplets in these theories can be consistently truncated to obtain the pure 
half-maximal theory [23]. It is well known that there exists an SU{2) gauged version 
of this theory with an additional massive deformation parameter. The SU (2) gauge 
group is the non-chiral diagonal subgroup of the SU(2) x SU(2) isomorphism group of 
the N — (1, 1) Poincare superalgebra. It is interesting to determine if and how this 
theory can be embedded in the gauged maximal theory. To this end, considering the 
gaugings induced by the 8+^ discussed above, upon a consistent truncation to the pure 
half-maximal theory, the shift symmetries and the associated vector fields 8^ are projected 
out and what remains is precisely Romans' massive deformation. In this theory, the only 
effect of the gauging in the bosonic sector is the Stiickelberg type coupling and the scalar 
potential, the mass parameter m corresponding to a fixed component within Thus, 
we arc able to show how Romans' massive deformation of the pure half-maximal theory 
can be embedded into the maximal theory where it is a true gauging of shift isometrics. 

We can show that the SU(2) gauging with mass parameter set to zero follows from a 
suitable truncation as well. In fact, there exists a variant of Romans' theory [29, 30] 
emerging in a generalized Kaluza-Klein reduction of D=ll supergravity on K3 x R, with 
all 4 vectors abelian, which should also be embeddable in gauged maximal supergravi- 
ties. However, it remains an open question if Romans' theory with non-vanishing gauge 
coupling constant and mass deformation parameter can be embedded in the maximal 
theory. In general, the lower supersymmetric 6D supergravities admit more general cou- 
plings than those which can be obtained by truncation of the maximal theory since the 
quadratic constraints encountered in gauging of the maximal theory are far more stringent 
than what is required in gauging of the lower supersymmetric theories. In fact, a very 
simple example of this phenomenon arises in seeking a truncation of Romans' theory to 
an = (1,0) supergravity that maintains any gauging at all. One quickly finds that this 
is not possible, and indeed this is the case for the variant of the Romans' theory as well. 
On the other hand, a U{1) gauged N — (1,0) supergravity does exist in its own right, 
and it is constructed directly in the A^ = (1, 0) supersymmetric setting [31, 32]. 

In conclusion, it would be highly interesting to see, which gaugings of the half-maximal 
theory, or indeed minimal theory, with or without matter couplings, can be lifted to the 
maximal gaugings and which of their solutions may be embedded. We leave these and 
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related questions for future work. 
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A Notations and Conventions 



In our conventions: 

{7r,7j = '^Vrs : ^rs = diag(-, +,+,+. + , +) 

{r^,rB} = 2r]AB: = diag(+, +,+,+,+,-,-,-,-,-) , (A.l) 

where A — (a, d). Moreover, jri...rn = ^ri...ral7 and (77)^ = 1. A convenient representation 
for is 

r„ = 1 X 7„ X (7i , = 7d X 1 X i(72 , (A.2) 

with 

{7a, 76} = 2(5a6 , Sab = diag(+, +, +, +, +) , 

{7,, 7j = 26., , 5.^ = diag(+, +, +, +, +) , (A.3) 

From the position where they are used, it can be seen that the matrix 7" is either i^"'),/ or 

{l"')aa^^ = {l"')a^ , depending on what it acts on, and similarly for 7". The indices (a, d) 
on the 7-matrices are raised and lowered with 5ab and 5^^^. We use the chirally projected 
S0(5, 1) Dirac matrices, such that 7^ are symmetric and 7^1/p are antisymmetric. Similarly, 
we use the chirally projected SO (5, 5) Dirac matrices and all (anti) symmetrizations are 
with unit strength. Note that there is no need to raise and lower the spinor indices in this 
chiral notation. The f/S'p(4) indices are raised and lowered by the symplectic invariant 
tensors as: X" = VL^-^Xp, = X^Qp^ with H.a/sfl'^^ — ~^2c- The symmetry properties 
of the 7 and T matrices are as follows: 

7^C : symmetric , l^vpC : antisymmetric 

(7a)a/3 : antisymmetric , {jab)ap ■ symmetric 

(7M,7Mi-m5)AB : symmetric, {jmnp)ab ■ antisymmetric (A.4) 
The SO (5) 7-matrices satisfy the identity 

Note also that any Aaj3 = —A^a, and any Sais = Spa can be expanded as 

A = itr^+ |7'^tr7'^A , (A.6) 

S = -l^hr^^S . (A.7) 

The matrices V^^ ^^d VAaa{A = 1, 16, a,a = 1, 4) can be treated as sixteen 4x4 
matrices and Va- The index A is a, chiral S0(5, 5) spinor index which is never raised 
and lowered but the a and a indices can be raised and lowered as usual. 
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Whenever the row and column indices of a matrix are suppressed we will always assume 
that the indices are in the order (M)^*, with the exception of the chirally projected 
S0(5, 1) Dirac matrices 7^ and again chirally projected S0(5, 5) matrices 7^, in which 
case they are both up or down. Thus, for example, 

V^T^X = r(7")/x/3, ^7"K4X = V5"(7'^)/(K4)A/3, 

V^^V = l^^""(7'^)ABKfd , V^MNV^V^'^{-iMN)A''VBaa. (A.8) 

Furthermore, V always denotes y^"'*. Finally, our conventions for differential forms are 
as follows: 

a; = 1 dx"^ A • • • dx""" uj^, ^„ , dx""' A-.-dx"' = -e-^'^'-^'d^x . (A.9) 

B Useful Identities 

Proving invariance of the topological term (3.44) under tensor gauge transformations 
and showing that its variation takes the fully covariant form (3.48) is quite lengthy and 
requires a number of rather non-trivial identities which combine 5*0(5, 5) properties with 
the constraints on the embedding tensor 6"^^. Among the S0(5, 5) identities are 

= 7ma(b7^cd) , 

U = lKA{Cl D)B—lKB{Cl D)A + 1KCDJ AB + A{C1 ' D)B ■ 

(B.l) 

The following identity holds upon antisymmetrization in indices [ASC]: 

U = iKADlLEFl BC + -^iKADlLBiEl F)C + ^1 A{e1 F)b1KCD- (i>.2j 

Another SO(5,5) identity (upon antisymmetrization in indices [ABCD]) is given by: 

= 10 7xAi.7^BF7^'5'"cD + 8 i^''aei''^bfi'''^kcd + 10 aeIk BF^r'' cd 

- 1^1KAE1''bf1'^'''''cD -^l'^AFlKBEl''''''cD + ^1 K AFI"" BEI'^'''' CD 
+ Zrj ^-^KAElLBFl CD - ■^iKEFl ^ ABIL ' CD 

- ^7 AEl NBFl KLCD-1 ^ EFJNKLABI ' CD ■ [D.6) 

We derive this identity by first observing that there must be a relation between this 
number of terms with this symmetry structure in the free indices, as a consequence of 
representation theory. We then compute the coefficients either by tracing or by using an 
explicit representation. 
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Now we multiply this identity with OpOg and use the tracelessness ab = 0) upon 
which this identity reduces to 

+ Tf'^lKAElLBFl^'''''CD + iK EFl'''''' ABIl"^^ CD ) ■ (B.4) 

Finally we may use the quadratic constraint on Q and obtain 

(B.5) 

a quite strong identity (upon antisymmetrization in indices \ABCD\)^ which enters the 
calculation of the variation of the topological term. 
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